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HOMOGENEOUS DISTRIBUTIONS ON THE HEISENBERG GROUP
AND REPRESENTATIONS OF SU(2, 1)

R. C. FABEC

ABSTRACT. A ‘Fourier’ transform of tempered distributions on the Heisenberg
group is defined to analyze homogeneous distributions relative the group of
dilations (z,t) — (rz, rzt) , r € R. An inversion formula is derived for
the abelian central Fourier transform of the distribution. These formulas are
applied to the family of homogeneous distributions defining the intertwining
operators for the group SU(2, 1) . Explicit unitary structures are determined on
subquotient representations and their spectral decompositions on the minimal
parabolic subgroup are obtained.

The object of this paper is two-fold. The first is to provide a framework
in which to analyze the tempered distributions on the Heisenberg group H .
Of particular use would be a transform defined in terms of the group struc-
ture on the space. This essentially is the content of the Plancherel Theorem
when the distribution is defined by a Schwartz function or more generally by
a square integrable function. Then the transform is a Hilbert-Schmidt opera-
tor valued function defined on the dual of the group. The Plancherel Theorem
then provides an inversion process which allows one to reconstruct the function
from this operator valued ‘Fourier transform’. The transform is not unique
but depends on the selection of representatives from the classes of irreducible
unitary representations of H . In [2], L. Corwin and F. Greenleaf developed a
method applicable to a class of nilpotent Lie groups of obtaining a smooth func-
tion as the ‘Fourier transform’ of a Schwartz function. This smooth transform
depends on a smooth choice of irreducible representations and essentially pro-
vides a smooth parametrization of the kernels which define the operator valued
Fourier transform.

In order to handle higher order distributions the transform must not be given
by an operator valued function but by a distribution which is operator valued.

In fact for a distribution U we introduce a Fourier transform U which is a
distribution on a cosingular subset of the dual of H and has values continuous
linear transformations from the Schwartz space #(R) into the dual Schwartz
space ¥ (R). Moreover, there is an analog of the Plancherel theorem from

which the distribution U can be recovered from its Fourier transform U . This
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inversion process is not complete since some information about the distribution
is lost by restricting test functions to only a part of the dual of H . The operator

valued distribution U can be shown to be equivalent to an infinite matrix of
ordinary distributions. This matrix is obtained from a smooth parametrization
of the matrix coefficients of the irreducible infinite-dimensional representations
of H. When the transform is considered as an infinite-dimensional matrix, the
transform of a convolution is an infinite matrix product which converges in the
weak sense.

As in the case in analyzing homogeneous distributions on R, the Fourier
transform on H provides the proper mechanism in which to analyze homo-

geneous distributions. The covariance of the transformed distribution U pro-
vides sufficient information to determine each matrix element in the infinite
transform up to a multiplicative constant.

In the second part of this paper these constants are determined for the family
of homogeneous distributions invariant under rotation which define the Kunze-
Stein, Knapp-Stein intertwining operators for the simple Lie group SU(2, 1).
The invariance under rotations makes the nondiagonal constants zero. The
intertwining operators are convolution operators on H defined by these distri-
butions. Since in this case, the infinite matrices are diagonal, the realization
of convolution as an infinite matrix product becomes a simple diagonal matrix
product.

The convolution operators can then be used to obtain the complementary
series and uniformly bounded representations as done in [3, 7, 18], etc. This,
however, is not our intent. Indeed, we use the intertwining operators at each
point to obtain a nested sequence of invariant subspaces on whose quotients
the intertwining operators and its principal values define invariant sesquilinear
forms. When these forms are strictly definite, one obtains unitary subquotients
of nonunitary principal series. This nested sequence of subspaces are the null
spaces of a series of operators with smaller and smaller domains. Furthermore,
by referring to the results of Kraljevic [9] one can see one obtains most of the
nonunitary principal series and noncomplementary series dual.

Moreover, because the methods developed are analytic, it is possible to de-
termine the spectral decomposition of the unitary subquotient representations
on the minimal parabolic subgroup. This, as far as we are aware, cannot be
obtained by algebraic methods.

Finally the author wishes to cite the paper [6] of Roger Howe. It was this pa-
per which convinced the author that homogeneous distributions on the Heisen-
berg group could be understood in terms of an appropriate Heisenberg group
theoretic ‘Fourier transform’.

I. ANALYSIS ON THE HEISENBERG GROUP

In this part of the paper we develop methods to analyze distributions and
convolutions by distributions on the Heisenberg group. Because of our interest
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in the group SU(2, 1) and to keep notation simple we restrict ourselves to the
3-dimensional Heisenberg group H = C x R.

We begin by describing the Fock model. It is used to obtain the matrix
coefficients for the infinite-dimensional irreducible unitary representations of
H . These matrix coefficients are known to be Schwartz bases over C. The
Plancherel Theorem is presented and the group theoretic transform U is de-
fined. U is shown to completely determine U, the abelian Fourier transform
over the center, on all of C x R except on the singular set C x {0} . Moreover
a Plancherel formula relating U and U is presented. The distribution U is
shown to be determined by countably many distributions U mon

Next we study convolution operators. Convolution operators by radial func-
tions are shown to be infinite diagonal matrix operators relative to the ‘Fourier
transform’ U — U . Finally, Sobolev spaces over H are defined. Sufficient
conditions insuring the boundedness of convolution operators between Sobolev
spaces are obtained.

1. THE Fock MODEL

The 3-dimensional Heisenberg group H is the set C x R with multiplication
defined by (z, t)(w,s)=(z+w, t+s+0a(z,w)); where o is the symplectic
form a(x + iy, x +iy)=yx' —xy' =Im(z, w) and (z, w) = zW.

Let # be the space of complex holomorphic functions f on C such that

/If(z)|ze_'z|2 dz < oo.

Let ( , ) be the corresponding Hermitian product. Then for f in #, one
can show by using the residue theorem that

(1.1) £0) = 2{f, 1),
and in general
(1.2) f(z) = %(f, k,), wherek (w)=e""?,

# is the Fock space on & and is complete for (1.2) implies Cauchy sequences
in #Z converge uniformly on bounded sets.
Define a representation 7 of H on # by

. 2
(1.3) n(z, ) f(w)=e "e " ™D fw - 7).
Theorem 1.1. 7 is an irreducible unitary representation of H .

Proof. That m is unitary and a representation is immediate. That 7 is irre-
ducible follows from the infinitesimal formulas (1.5) below. O

The functions z" in # satisfy

(1.4) (2", z") = mn'é, .,
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and thus e, = (zn!)~'/%z",
of #.

Let X and Y be the vectors in the Lie algebra of H satisfying
exp(xX) =(x,0), exp(yY) = (iy, 0).

n=1,2,..., form a complete orthonormal basis

Then one has
(1.5) aX)2" =" -0, a()z = —iz" = in"
Matrix coefficients. Using (1.3) one obtains

_ 2
e jw]| /Ze(zaw)(z _ w)”

Ll Tt r(n\, 1 -l
=e I;)TIZ—%(—I) I wz

_ —wl’2 > z W (n 1 I__l+r—n_r
=¢ Z Z (=1) (l)(l+r—n)!ww z

r=0 /=max(n—r,0)

n(w,0)z" =

21

_ —|wl*/2 = __r—n L(n |’ll)| r
=e Z’U) Z (—1) (1>m2.

r=0 I=max(n—r,0) )
Hence one has the following.

Proposition 1.2,
n 2]

1/2 )
(n(w), O)en , er) = (—’:—:) e‘lwl /ZUr—n Z (_1)1 (7;) %

I=max(n-r,0)
The Laguerre polynomials are defined by

m

I'n+a+1) x"
n—mTa+m+1)m!’

Hence since (z(w, O)e,, e,) = (nr(—w, O)e,, e,), one has

n!

1/ 2
7) e P T L (wl?y it r >,

(1.6) (r(w, O)e,, e,) = (

and

r!

1/2 5
—|w|*/2 n—r n—r 2 .
W) e w L, (lw]") ifn>r

(1.7) (n(w,O)e,,e)= (-1)""(
It follows from (1.6) and (1.7) that the representation m is square integrable
modulo the center. .
Let # be the conjugate space to # . Thus Z =#, (f, g) = {(f, g),
and Af = 1f. Define n* on # by

(1.8) n'(z,t) = n(Vaz, it) for A> 0.
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For A < 0, set 7t = n~*. Thus nl(O, t) = e ™ and by the Stone-Von
Neumann Theorem, 7' is the unique up to equivalence irreducible unitary
representation of /# with central character e~ . One has the following matrix
coefficients:

N2 o
(1.9) <nl(w, O)e, , e,) = (%) e Alw| /ZA(r n)/2wr nL; n(,”wlz),
ifA>0,r>n

and

N\ 2 _ —ron—
(1.10) (nl(w, O)e, , 6’,) _ (_l)n r(%) e Alw| /2/1(" r)/2wn rL:t r(llwIZ),

ifA>0, n>r.
If 4 <0, the matrix coefficients of 7 are the conjugates to these.

2. THE PLANCHEREL THEOREM

Let #(R) be Schwartz space on R. Recall one has

(2.1) //f(x)e_ixyeiyz dxdy =2nf(z),

for f e #(R).
For each real number A define an irreducible unitary representation 7z, of
H on L*(R) by

7,(x, 0)f(r) = f(r—x),
(2.2) 7, (iy, 0)f(r) = e *?" f(r),
7,00, 1) f(r) = e f(r).

The Stone-Von Neumann Theorem implies 7, is unitarily equivalent to 7t for
A#0.
Clearly,

(2.3) m(x+ iy, t) =n,(x + iy, At).
Theorem 2.1.

/(v, n,(z, Ow)(v', m,(z, O)w')dz = %(v, v\ W', w),
C

for v, v, w,w € LR).
Proof. This follows from an application of (2.1).

Let “(H) be the space of Schwartz functions on H. For f € #(H) and
o a unitary representation of # define

dﬁ=/ﬂMﬁmM-
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Then the operator x,(f) is a Hilbert-Schmidt operator having Schwartz kernel

(2.4) P(N)(x.y) = / / Flx—y +ir, e~ Mo g gy

Thus
7,(f)$(x) = / P(N)(x, )$() dy.

In particular, m,(f) is trace class. For f € (H), we shall use f to denote
the Fourier transform of f over the center of H. Hence

(2.5) f(z,4) = / f(z, e ™ dt.
Theorem 2.2. tr(x,(f)) = %/(0, 4).
Proof.

tr(m,(f)) = / P f(x, x)dx = / / / flr, e™ e ™ drdtdx
1 . —irx —iAt T 2
=§|—[|///f(lr,t)e drdxe dtsz(o,l). n]

An immediate consequence of Theorem 2.2 is the Plancherel Theorem on
H.If T is a Hilbert-Schmidt operator, then ||T||, = tr(T*T)"/* is the Hilbert-
Schmidt norm of T .

Theorem 2.3. Assume f is a Schwartz function on H. Then:
(1) fle) = (1/2n%) [ tr(m,(N))IAl dA,
2) 11A115 = (1/22%) [ lIm(N)I3141 d 4,
(3) f(h) = (1/27°) [ tr(m,(h™")m,(f))|A| dA.

Proof. First note by (2.1)

L [utmrpinda= 5 [ 70, 9d2=f0,0)
Thus (1) holds. Using £ = f*(0) = |IfIl; and m,(f(h) = m,(h™)m,(f). it
follows that (2) and (3) hold. O

The usefulness of Theorem 2.3 is in part dependent on the fact that each =,
can be replaced by any unitarily equivalent representation g, .

Corollary 2.4. The mapping f — U(f), where U(f)(A) = n,(f), is a unitary
isomorphism of LZ(H) onto [® HS(LZ(R))IM dA. Moreover, if B is the bireg-
ular representation of H on L2(H ) defined by

B(g,. 8)f(h) = f(g] 'hg,),
then

U(B(g,, &) N4 = n,(g)U(N7,(g; ).
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We end this section by noting that the matrix coefficients of the representation
n* for A # 0 form a complete orthonormal basis of LZ(C) .
In fact by Theorem 2.1 one has

@6 [ mw, e, o), 0k, ejdw = 16, 6, .
. O,
Thus the matrix coefficients
(Al/m) *nw, O)e, , e,)

form an orthonormal set. Moreover, by Proposition 1.2, the linear span of the
—Mwl*/2

functions (n(viw, 0O)e,,, e,) contains all functions of form P(w, W)e
where P is a polynomial in w and w for 1> 0.

Theorem 2.5. For A # 0 the Schwartz functions (|A| /n)‘/ 2w, O)e,,, e,) form
a complete orthonormal basis of L*(C).

3. DECOMPOSITION OF SCHWARTZ FUNCTIONS

In [6] Roger Howe discusses a strong Stone-Von Neumann Theorem. We
shall make extensive use of this theorem. We discuss this theorem and use it
to obtain Schwartz space decompositions of smooth functions. Let p be the
unitary representation 7, .

For a Schwartz function f on C set

(3.1) o0 = [ £z, 0)dz.
Then p(f) is an operator on L’ (R) given by the Schwartz kernel
(3.2) Ki(x,y)= /f(x -y+ ir)e_ir(x+y) dr.

We will identify functions on R? and on C. In particular, by K (x+1y)
we shall mean K f(x ,¥).

Theorem 3.1 (Strong Stone-Von Neumann Theorem). (1) ||f || =1k ||2.
(2) f— K, is a topological isomorphism of &#(C) onto (C).
If f(z)=(p(z,0)h, k), then K (x, y) = nh(-x)k(-y).

(3)
(4) Iff( z)=(h, p(z, 0)k), then Ki(x,y)= nh(x)k ().
(5) K Ry, Ly f 7x,9)=(p®P)(hy, hy))K (x,y) where

Ry of(2) =" f(z 4 w), Ly, f(z) =D f(z —w).

The proof is essentially an application of Theorem 2.1.
For the general central character case we set

(3.3) PN = [ £z, 0)dz.
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Since #,(x+iy, 0) = m,(x+idy, 0), the operator p,(f) has kernel K} defined
by

A 1
(3.4) Ky = Ko
Thus
2 A

(3.5 171 = Zhih,

7[ —————
(3.6) Ky 2 o 1y (X5 V) = k),
(3.7 K?h,nl(z,O)k) (x,y) = mh(X)W,

and if R‘(x—f- iy,t)=R(x+ilAy, At) and Ll(x +iy,t)=L(x+iAy, At), then
A A
(38) KR}:,Lizf = (7[,1 ® n_l)(hl s hZ)Kf
The relationship between K* and P, defined in (2.4) is
A

(3.9) Pl(f) = Kf(‘,l)‘
We thus define a mapping on #(H) by
(3.10) Kf(z,4) =Kj. ,(2).

By 3.4 one sees
Kf(u+iv, i) = |’,1{|Kf(x+iy/1,1)(” +iv)
= ﬁ/f(u —v+ir/d, e T gy
= /f(u —v+ir, e ) gp,

Thus
Kf(u+iv,A)=Ff(u-v, Au+v),4),

where F,: #(H) — S (H) is the partial Fourier transform defined by

(BN)(x+iy,2) = /f(x +ir, e " dr.
Define T on H by
(3.12) Tx+iy,A)=(x—-y+ilx+y),A).
Then
(3.13) K(f)=F,(f)oT.
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Note that 7 is C* on H but is not invertible. However, T is a C™
diffeomorphism of the open submanifold H, = H — (C x {0}). Its inverse is
given by

(3.14) T (x+1iy,A)=1/2(x+y/A+i(—x+Yy/A), A).

We let % (H) denote the space of Schwartz functions on H vanishing for
4 near 0. A sequence f, is defined to converge in 4 (H) if it converges in the
Schwartz topology and all the f, vanish together for A near 0. We then have:

Proposition 3.2. K is a topological isomorphism of S (H).

We shall apply this proposition to decompose Schwartz functions in 4 (H).
First we take a Schwartz basis e, of orthonormal functions in LZ(R) . Thus
each e, is a Schwartz function, the functions e, are orthonormal in LZ(R)
and if f =Y a,e,, then f is Schwartz iff } (1 + mk)laml < oo for each
natural number k. We remark that the e, ’s defined after (1.4) correspond to

the Hermite functions in L2(R) and thus may be considered such a basis.
The discussion to be held below using the representations #, and a Schwartz

basis e, for LZ(R) also applies to the representations 7" on Fock space and

the basis e, of # defined after Theorem 1.1. A direct argument may be given.

There are alterations in the kernel operators K, and in the transformation K .
Define

(3.15) h, (z,24)=(m(z, O)e,,, e,).
Then by 3.7
(3.16) Ki, (64 19) = e, (08, 00),

and thus by 3.5 the functions (|4|/ 7:)1/ 2hm,n(z , 4) form an orthonormal basis
of #(C) whenever A # 0. Thus if f e L*(H) one has
fz,2) = Zcmn _mnz A)
where ¢, (1) = (|A|/n) [ f(z, Mh,, ,(z,A)dz. Moreover, f(-,4) € &(C) iff
Y(1+m+ n)k|cm,n(,1)| < oo for each k.
For f e % (H), define
(3.17) S A =(my(f)e,,, e,).
Then

= // Sf(w, t)(m,(w, t)e,,,e,)dtdw
- / flw, ne™™h,, (w, 2)dtdw

=/f‘(w,,1)hm’n(w,/1)dw
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Theorem 3.2. Suppose f is a Schwartz function on H whose central Fourier
transform f is in S\ (H). Then

fe =57, W, 22,

and this sum converges in F(H).
Proof. By Proposition 3.2, it suffices to show

ki= Y k(L7 R, . 0)
in S (H). But by (3.15)

K(}m,n(j‘)zm,n(z’ A) = }m,n('l)K%m’"(X + iy)
s

n -
m,,,(/l)me,,(X)em(y).

Hence A~ ~
ZK(l;t‘lfm,n('l)zm,n(z’ ,{)) = me,n(l)en(X)?m(J’).

The proof will be complete if

But

~

Fonon® = D ) = [ (2, D12, Oy, €2
= (0 e ) = [ Ko y(x + v)e, 07, (x) dy dx

= /Kf(x + iy, Ae,(x)e, (v)dxdy
= (KJ(-, ), e,(x) ®E,,).

4. THE PLANCHEREL THEOREM FOR DISTRIBUTIONS

Let *(H) be the space of tempered distributions on H and let
S (R) denote the space of Schwartz functions on R vanishing near 0. Let
Z(F[R), #*(R)) be the space of continuous linear transformations from
Z(R) into #*(R), where #*(R) has the weak* topology. .Z(#(R), %" (R))
is given the simple topology.

Let U € %7(H). We define a ‘distribution’ on #(R) with values in
Z(F(R), " (R)) formally by

4.1) U(¢) = /dU(z, t)/q&(l)nl(z, ) di.
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More specifically, if f and A are in #(R), then

~

Do) = [aviz, 0 [ oam(z, 0f T da
Theorem 4.1. 17 is a continuous linear map from the space )(R) into the space
Z (&L R), S (R).
Proof. Note by Theorem 3.1 that
¢(A)(m,(z, 0)f, h) € FR) if g € A (R) and f, h € #(R).

Moreover, one sees by (3.6) that ¢(4)(n,(z, 0)f, h) is continuous into .7 (H)
as a mapping on 4 (R) x #(R) x #(R). Since =,(z, ) = e"'“nl(z , 0), one
has a(¢)(f)(h) = U((¢(A)(m,(z, 0)f, 7))") and the result follows. O

In the case where the distribution U is given by a Schwartz function f, the
distribution f is given by an operator valued function. Indeed

1(9) = //f(z, t)/d)(l)nl(z, 1) dAdzdt
=/¢(/1) //f(z, Nm,(z, t)dzdt:/qb(,l)nl(f)di.

Thus the distribution f is defined by the operator valued function 4 — x,(f)
which is the analog of a Fourier transform of f. In this case we shall write

~

(4.2) fA) = m, ().

Moreover, since 7,(f) = [ f(z, t)e_wnl(z, 0)dzdt, we see that
m(f)= [ f(z, Dz, 0)dz,

and thus f(4) equals p,(f(-, 4)).

Furthermore, the operator f(¢$) has a Schwartz kernel. Indeed, by (3.11) the
kernel is given by

o K- o) =[G e+ i) d

- / SAE,F(x —y, A(x +), A)di.

In particular, f(¢) is a continuous linear transformation of .(R) when ¢ is
in S(R).

We next attempt to reconstruct the distribution U from its ‘Fourier trans-
form’> U . First we note that if f is a Schwartz function on H , then

1
flz. 1) = ?/tr(nl(—z, )1, (f))IA] dA.
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Thus formally,

/dU(z, 0f(z, 1) = 571—[7/dU(z, Dtr(n,(—z, —0)m,(f))|A| dA
= 2—;7” </dU(—z, —t)/nl(z, t)l/llnl(f)dl)
- 5,172“ / AUA (A, (1)),

where dU(z,t) = dU(-z, —t). We shall show this formula holds when a
suitable interpretation is made for the trace and when f(z, A) vanishes for A
near 0. R

First we extend the domain of the distribution U. Indeed, suppose ¢ €

(R, Z(F(R), F(R))). Define U(¢) by
(4.4) DN = [ dU(z, ) [z, 0800f Ty do

By an argument similar to that given for Theorem 3.1, U is a distribution on
SR, Z(F(R), L(R))) with values in .Z(F(R), " (R)). We denote this

operator by [d f/(i)q&(l) and define for a Schwartz basis {e,} of S(R) a
trace by

(4.5) tr ( / d(?(x)¢(/1)> - Xm: ( / dUM)$(Ae,, , E,") :

where (T, f) = T(f) for T € ¥*(R) and fe:?(R).

Our main result concerning the distribution U allows one to reconstruct the
distribution U on a dense open submanifold.

Theorem 4.2 (The Plancherel Theorem forAdistributions). Suppose U is a tem-
pered distribution on H . Then whenever f € S (R), one has

Ui = Syt ( / dﬁwwmf)).
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Proof.

L5 ([ avamm e, 2,)
_ # S [avtz.0 [Wim 2. 0m (e, ) di
=g L[ e [f e w.

x (m,(w, 0)e,,, m,(~z, O)e,,) dw dA
- 2—71;22/(10(2, 0 [ e fw. 2

x Y (m,(w, 0, , e)e, m,(~z, 0)e,) dwd

k
1 —iAt P -
- dU(z, t) [ [ 1Ale fo R, (2, A)dA,
Py ;/ // Eki k y

But by Theorem 3.2 ) >, |A|}m’k(,1)ﬁm’k(—z, A) converges in SY(H) to
nf(-z, 2). Hence by (2.1)

#tr(/dﬁ(x)mm(f)) - Z—Ii/dU(z, ,)/e—ilzf(_z, 2 dA
=/dU(z,t)f(—z, iy

We note this theorem holds for any choice of Schwartz basis. Moreover,
it remains valid if the irreducible unitary representations m, on L (R) are
replaced by the equivalent representations 7" on Fock space and one uses the
orthonormal basis of Fock space defined in §1.

5. DISTRIBUTIONS AND CONVOLUTIONS
The Plancherel Theorem for distributions shows that the central Fourier
transform of a tempered distribution U on the Heisenberg group is determined
on a cosingular subset by the distribution U . But for any Schwartz basis e,, of

Z(R), the distribution U is determined by the family of distributions U mon
defined on ) (R) by:

(5.1) U, ()= (U, ¢,
Thus
U, ,(9) = /dU(z, t)/d)(l)(nl(z, e, . e)di
(5.2) =/dU(z, t)/d)(l)hm,n(z,l)e_mdl
= U(¢(D)h,, ,(z,4),

where U(f) = U(f).
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Next suppose f € S (H) . Then

(/d(ﬁl(l)ulni(f)em,?m) =/dU(z, t)/(lllnl(z, O, (Ne,,, e, ) dA
=/dU(z t/ (e, . m,(~2, O)e, ) dA
- / dU(z, 1 / e‘“’z AT, (e, . ) e, 1,(~z, O)e ) dA
= du(z, 1) "”M]fm (Dhy (2, 2)d2
xfavi.n [,
=3y WIS ()
k

where the change in summation follows from Theorem 3.2. We thus see

Theorem 5.1. Suppose the central Fourier transform f is in S4(H). Then

v

l —~ —~
f= Tﬁ;ﬂUk’m(lilfm’k(l))'

Theorem 5.1 shows how to reconstruct the distribution U off the singular

set Cx {0} from the distributions U, . For distributions that are L' or L
functions, the process is complete.

Theorem 5.2. Let U =u, +u, where u, € L'(H) and u, € L2(H). Then
., 1 ~ ~
VN =33 [ Ve @A dA,
k,m

for all Schwartz functions f .

Proof. By the Plancherel Theorem, x,(f) is trace class forall 4 # 0 and =, (u,)
is a Hilbert-Schmidt operator for a.e. 1. Moreover, ||n,(u,)|| < ||%,||,. Thus
n,(f)m,(U) is trace class a.e. 4. Furthermore, note that

(5.3) Ate(m, (N)m, ()] < WA te(, (f  £5)2 1 1,
is integrable in A and by Corollary 2.4
(5.4) Ate(m, ()7, ()] < 1AL 17, ()]l ()],

is integrable in A. Furthermore, note by (3.9) that =,(f) has Schwartz kernel

for all A #0 and =,(U) has kernel K% for a.e. 4. Thus

f( 2 4) U,

tr(m, (), (U)) / e (X Ky, x)dydx.
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Hence by (3.10) and (3.11)
tr(n, ()=, (U / fo v, A)KU(y x,A)dydx
= [ Fufte =y atx+9), DEO0 - x, 2y +x), D dy dx
= 2—|1I|/F2f(r, s, AE,U(-r,s, ) drds.
Thus by the Plancherel Theorem on R,
tr(m,(f)m,(U)) = I-’;—l/f(r, s, )O(=r, —s, A)drds.

Therefore
lil tr(m, ()=, (U =5 //f(r s, VU(-r, -s, A)drds,
and
U\f) = f(r,s, YU(=r, —=s, —t)drdsdt
o /I

= [ Wita, () da

Now let P, be the orthogonal projection of L2(R) onto the span of the func-
tions e, e,, ..., e,. Then by (5.3) and (5.4) and the Lebesgue dominated con-

vergence theorem, |A|tr(P,,(f)n,(U)) converges in L' to |A| tr(m, (f)m, (U)).
But the trace of P 7,(f)n,(U) equals Y, >/ _, (A/m’k(,l)fk’m(l). The result
now follows. O

The sums in Theorems 5.1 and 5.2 converge absolutely since they can be
reordered arbitrarily. Moreover, the analysis of the operator valued distribution

U is now reduced to the study of the ordinary distributions U
The Fourier transform in the case of abelian groups is especmlly effective
in dealing w1th convolution. This continues to be the case with regard to the

distributions U . The convolutions of a distribution U and a Schwartz
function f are deﬁned by

(U )z, 1) = /dU(w, f(w, )"z, 1),
(f* Uz, 1) = / dUw, 5)f((z, Hw, 5.

We also need the following consequence of Theorem 2.1.

(5.7) /h,’s(z+w,l)ﬁm,n(z,A)e_i'w(w’z)d =25 h (w,A)

ermns

(5.6)

Theorem 5.3. Let f be a Schwartz function on H and let U be a tempered

S D = Up kS o
k

distribution. Then
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and _
= Z f m,k Uk ,n’
k
where these sums converge weakly.
Proof. By (5.2),

(U )y (& //dU* zt)/¢ (2, e da
- /// (/dU(w, ) f(~w, —s)(z, t)))q&(l)hm’n(z, e Mdrdidz

= /// dUw,s)f(z~w,t—s—o(w, 2)e” “¢(Ah, ,(z,A)dtdzdx
- / / / dU(w, $)f(z —w, e dte™ e Vg0 (2, 2)dzdA
- // dUw, )f(z —w, e e ™ A, (2, 2)dzda.

Thus by Theorem 3.2 and by (5.7) and (5.2)

(U 1) // dUw, )Y 'prq —w, A, (2, 4)

x & 40D g 2o~ H 82y dA
= / / dU(w, $)Y 1, (A0, h, (w, Ve ™ ¢(2)da
p,q

- / / dUw, )3 £ JDh, (w, De ¥ ¢(2)dA
q

- Z / / dUw, )(f, (h, (w, De ™ ¢(3)dA)

—~

—Z/dU DS e DS = S Uy (D).
q

The other case is handled similarly. O

As noted before these results also hold if we use the series of representations
7" on Fock space. These representations are particularly suited to studying
those distributions which have nice covariance properties with respect to rota-
tions on C. This is not surprising for the matrix coefficients

(5.8) h, (2,2 =("(z,0)e,, e,

are covariant under rotations.
For instance, the radial distributions U on H are invariant under rotations.
Specifically:

(5.9) /dU(z, Of(uz, t) = /dU(z, Of(z,t) if jul = 1.
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Theorem 5.4. If U is a tempered radial distribution on H , then U m.n =0 for
m#n.

Proof. By (5.2)
/dU z,A)¢p a(uz, 2),

for all u. But by (1.10),
w'"h, (z,4) ifi>0,

h uz,l:nluz,Oe,e =
monl )= e €] {ﬁ"‘"‘hm,n(z,l) if A <0.

Thus (Ajm,n=0 f m#n. O

By Theorems 5.3 and 5.5 we have the following corollary.
Corollary 5.6. Let U be a radial tempered distribution on H . Then (f+U),
= U f m.on and (U x f ) f U . Jor every Schwartz function f .

Flnally, we remark for a Schwartz functlon f we have defined a distribution

}m’n on S (R) and a matrix coefficient f, (1) =(m,(f)e,,e,) for 1 # 0.
However, by (5.2) and (3.17) it follows that these are the same. Indeed

=/f”(z,l)/¢(l)hm,n(z,l)dz

_ /¢(/1)(/f(z, Dh,, (2, l)dz) di

= [ o)1, (21 d

Thus f, , are distributions given by functions. This continues to be the
case when f is integrable or square integrable. The rapidity with which these
functions decrease at infinity is related to the smoothness of the transforms

fm,n'

6. CONVOLUTION OPERATORS ON SOBOLEV SPACES

For each real number o define #(a) to be the Sobolev space of all complex
functions f on H satisfying

/lf(z, A1 + 2 + ) dzdt < .

Let u(z, t) be a function on the Heisenberg group H . In this section we will
study the boundedness of the convolution operator f — u % f as an operator
between the Sobolev spaces Z(f) and Z(—y).

Let x =(z,t) € H. Define a norm on H by

(6.1) x| =|z|* + 2.
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Then if y (z, 1) = (rz, r2t) where r > 0, then

4
(6.2) 7, x| =r’|x|,

and thus | | is homogeneous of degree 4 with respect to the group of dilations
?,,7 > 0. A lemma of Stein and Folland implies there is a constant C > 1
satisfying

(6.3) |xy| < C(|x| + |y])-

Define g (z, t) = (( (1+|z)*+5)*?. Then #(a) = {f: Jylf(x ) 8, (x)dx
< oo} . Moreover, if

(6.4) J =81,
then J, is an isometry of #(f) onto #(f —a). From (6.3) one has
(6.5) £,(x7) < (2+ )", (x)g, ).

Furthermore, the natural Hermitian pairing between #(—a) and #(a) de-
fined by (f, h), = [ f(x)h(x)dx satisfies

(6.6) (s Bl < AN GIIA,
Lemma 6.1. Suppose B >1, y>1, a<fB—1,and a<y—1. Then

[[ &1ty ) dxdy < oo,
Proof. We do two cases.

Case 1: a>0. By 6.5 one has

//Hxﬂgf(xy)gfﬂ(X)gfy(y)dx dy
<2+ C)a/gza_zﬁ(x)dx/gza_zy(y)dy <00
ifa<fp—-1and a<y-1.
Case2: o <0. Then,

J[ sl gl mdxay < o
if
/glg )dx < oo and / y)dy < cc.

This occurs if #>1 and y > 1.

Proposition 6.2. Let B> 1, y>1, a<f~1,and a<y—1. Then f+ g *f
is a bounded operator from Z(B) into #(-7y).

Proof. Define L _g(y) = g(x~'y). Then g *f(x) = (f, L g,), where fy) =
f(~"). Thus by (6.6), |f * g,(x)| < A1IGIIL, 8, p -
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Set H(x)=||L, g, ||_ﬂ. Then by Lemma 6.1
111, = [ He'e
- [[ e (y)gi,(x) dydx
//g xJ’)gﬂ ()dydx<oo o

Note that #Z(f) O #(a) for B < a. Hence we define the left limit Sobolev
space at a by

(6.7) X (a-) =) Z(B)
P<a
Theorem 6.3. Letﬂ>2,y>2anda<,8 f,a<y—1. Thenif uc

# (—a-), then the mapping f— ux f isa bounded operator from #(B) into
Z (7).

Proof. Note |ux f(x)| < [|u(xy)| |f(y“')|dy. Hence we may assume both
the functions # and f are nonnegative. Moreover, by the Cauchy-Schwarz
inequality,

2

s 167 = ([ g op 07 e (onputn) 0N ™"
< ( / &, (x0)J_pf (y_')dy)(3_2,(xy)u(xy)21,gf(y_l)dy)-

Thus |u * f(x)|* < A(x)B(x) where

(6.8) A(x) = (8, *J_pf)(x) and B(x)= (J_ru)2 * Jpf(x).

Choose r > a satisfying 2r < 28 — 1 and 2r < 2y — 1. By (6.4) and
Proposition 6.2, there is a constant K > 0 with

(6.9) 1All_y, < KIIT_gfll,5 = KISl 5-
Moreover, by (6.4), ﬁf €#(0) and J_,u e #(r—a-) for ue #(-a-).
Therefore (J_ru)2 e L' and

(6.10) 11Bly < I1_,ullgl T A1l < I1T_,ullgl A1l -
Thus by (6.4), (6.6), (6.8), (6.9), and (6.10):

s AR, = [ lux S0Py, (00 dx

< / A(x)J_,,B(x)dx = (4, J_,,B(x)),,
2 2
< Al 175, Blly, < KIIJ_ullgllf1lg- O
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II. REPRESENTATIONS OF SU(2, 1)

In this part of the paper we develop techniques which allow one to determine
unitary structures on some subquotients of the nonunitary principal series. Es-
sentially we show at a reductive point of the principal series where the inter-
twining operator has a null space, there is a chain of null spaces corresponding
to a sequence of intertwining operators with decreasing domains. On each quo-
tient space of the successive null spaces, there is an invariant form which if
strictly definite on the quotient determines a unitary structure for the quotient.
For the group SO(4, 1), it was shown in [5] that the sequence can only have
length at most one, and that this process along with the unitary principal series
and complementary series yield all the irreducible unitary representations of
SO(4, 1). For the group SU(2, 1), the sequence may have length one or two.
Moreover, using results of Kraljevic [9] it can be shown again one obtains most
of the nonprincipal unitary and complimentary series dual. It is our intent to
investigate in a later paper precisely which can be obtained.

The approach taken in this part of the paper is to analytically describe the
convolution operators on the Sobolev spaces /## (a) that define the intertwining
operators and use the techniques on distributions obtained in Part I to yield
trace integral descriptions of the invariant forms on the null-space represen-
tations mentioned above. This description is quite useful. It allows one to
determine for the unitary subquotients the spectral behavior of these represen-
tations on the minimal parabolic subgroup M AN . For example, most have
infinite multiplicity on N, but there are examples of uniform multiplicity one
and a mixture of one and infinite multiplicity on N. Moreover there are ex-
amples of subquotients that are irreducible on M AN . This never occurs for a
unitary principal series or complementary series representation.

1. DEcomMPosITIONS OF SU(2, 1)

Let G = SU(2, 1). In this section we establish the setup in which we will
analyze the principal series of G.

The Cartan involution 6 on G is defined by 6(g) = (g"l)*. Let K be the
fixed point set of 6. Then K is a maximal compact subgroup of G. If 4 is
the subgroup exp(RA) where

0 0O
h=1{0 0 1],
010

then A is a maximal abelian subgroup of the space P = {g: 0(g) = g_l}. The
centralizer M of A in K consists of all matrices

w 0 0
(1.1) u=|0 u 0},
0 0 =

where |u|=1.
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Define N to be the group of matrices having form

(1.2) (z,1) =

1 z z
7 =Yz +ti Lz |
-7 YzP+u 14 Yz -

This group is identified with the Heisenberg group defined in (I.1.1).

Set N = 0(N); then N is also isomorphic to the Heisenberg group H . The
Iwasawa decomposition is

(1.3) G = NAK.

Moreover, using the Bruhat decomposition, one has NAMN is an open sub-
manifold of G whose complement is the set NAMw" where

-1 0 0
(1.4) w'=|0 -10
0 0 1
is a representative of the nontrivial element in the Weyl group M~ /M , where

M" is the normalizer of the group A4 in K.
Define a(r) = exp(logrh) for r > 0. Then:

(1.5) a(r)(z, a(r)™ ="z, r %),
(1.6) a(r)(z, Ha(r)”™" = (rz, r*1),
and

(1.7) u(z, hu~ ' = (usz, t),
(1.8) ub(z, hu™ = 0(’z, t).

Let .Z), be the Lie algebra of N. For x € .Z,, the Lie algebra of A4, set
p(x) = %tr(adxl_S,N). By (1.6), one has

(1.9) p(h) = 2.

2. THE PRINCIPAL SERIES

Let a be a complex valued linear functional on ., and let x be a character
on M . Then we identify a with the complex number a(#) and y with the
integer p for which x(u) =’ .

Set #7°“ to be the Hilbert space of measurable complex valued functions
f on G satisfying

(2.1) f(namg) = P y(m) f(g)

and

(2.2) / (k) Pk < oo.
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The principal series representation R°® is defined by

(2.3) R”%(8)f(x) = f(xg).

These representations are strongly continuous and are unitary when Rea = 0.
By Proposition 6.4 of [8] the representation R”’® at the Casimir element C
satisfies

(2.4) R”%(C) = & (p* +3a° - 12).

It follows that R”’® can have unitary subquotients only if « is either real or
pure imaginary. But if o is pure imaginary, the representation R”’® is in the
principal unitary series. Thus we need only consider the case when « is real. By
Theorem 7 of [9] those irreducible unitary representations not occurring within
the unitary principal series occur as subquotients of R’ for some a > 0.

Now NAMN is a conull open subset of G. One then may consider the
Hilbert space #7°® as functions on N . Using standard arguments, e.g. [18],
involving explicit formulas for the NAMN decomposition of G, f +— f I
defines an isometry of #”°® onto #(a)= L (H, (1 +|z]*)*/2+ )*dzdy),
where here Haar measure on K is chosen so that no constants are necessary in
the isometry.

The representation R”'* on #(a) becomes

(2.5) R (g)f(h) = PNy ) f(1'),
if hg = nauh’.

On MAN one has
(2.6) RZ%(h)) f(hy) = f(hyh,),
(2.7) R (a()f(z, ) =" f(rz, Py,
and
(2.8) R f(z, )= fu ™z, 1).

The natural Hermitian pairing (1.6.6) between #(—a) and #(a) gives an
invariant pairing between R”'~* and R”'®. Namely,

(2.9) (R” (&) f;, R"%(&)fy), = /1» fr) if f, € #(—a) and f, € #(a).

3. INTERTWINING OPERATORS

The intertwining operators are defined formally on #”°* by
(3.1) Ap,)f(z,0) = [ fw'ow, 9"z, ) dwds.

By results from [17], it is known that these integrals define bounded operators
when Rea >0 and

(3.2) R T%(g)A(p, @) = A(p, &)R”“(g).
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Hence, they are bounded when considered as operators between #(a) and
# (—a) . Furthermore, using (2.1) to extend the integrand in (3.1) one sees

af2—1r 1 2 oip
(3.3) A(p,a)f(z,t)=// (%|w|4+s2) [%]
2
x f((w, s)"(z, ) dw ds.

Thus A(p, a)f = U * f where U is the distribution on H defined by the
function

1, 4 2\**! l|Z|2—ti P
34 v o= (3l +0) |25
(3.4 (z.0)= (31 i

These distributions are homogeneous with respect to the group of dilations 7,
defined in §6 of Part I. Namely

(3.5) dU(y,(z, 1) = r’*dU(z, 1).

Moreover, note U depends analytically on « and U is locally L' at (0, 0)
for a > 0. Using this one can see that

(3.6)  U=u +u, whereu, € L’(H)andu,e L*(H)if0<a<1,
and

(3.7) Ue#(~(a-1)-) ifa>l

Thus by (L6.3)

(3.8) A(p, a) is a bounded convolution operator from #(f) into
H(y)ifa>1, p>a—-1,and y>a-7.

Since U(uw,s) = U(w,s) when |u| = 1, U defines a radial tempered
distribution on H . By Theorems 1.5.3 and 1.5.4, one has

—~

(3.9) U, ,=0 ifm#n
and
(3.10) U*Nppn=TmalUn n

Note by (3.6) that U is the sum of an L' and an L? functionif 0<a< 1.
Hence n‘(U) is defined a.e. 4.

Proposition 3.1. Suppose 0 < a <1 and ¢ € S (H). Then

&m=/mwmnﬂ,

where

A(A)=n‘(U)=// U(z, )n'(z, t)dzdt.
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Moreover,

. R 5 1/2
A <l + (m/wz(z,w dz) .

Proof. By (1.4.1)
///¢ (z,1)didzd1.
Note

(3.11) H/ul(z, 7z, t)dzdt” <Nl
and by (1.2.5) and (1.3.3) that

//uzz Nz, 1)y dzdt = M@y, 3)).
But by (I1.3.5)

(3.12) o™ Gy, )P < ,’;—l / liy(z, 4) dz.

Thus

&(¢)=/¢(A)(//u(z, Nz, t)dzdt) di:/d)(l)A(A)dA. o

Note A(A) is a bounded operator on # if A < 0 and is bounded on #
when A > 0. Define

i @e { (A(De, ,e,) ifi>0,

(3.13) -
(A(Ve, , e, )™ if A<0.

—~

Since U m.m(@®) =(U(Pe,,e,), it follows from Proposition 3.1 that

(3.14) U, (@) = / B(A)id,, ().

Next we diagonalize the operators A4(4) relative to the basis e, . Such a
diagonalization is possible since U, , = 0 for m # n is equivalent to the

diagonalizability of A(4) relative to the basis {e,}. Moreover, am’ m(A) give
the diagonal entries.

Note by (I1.5.5) and the remarks after Theorem 1.5.2 that for 0 < o < 1 one
has

. _ L 2
(3.15) 0N =5 [ e (nam) a

for all Schwartz functions f .
Furthermore, (I.1.8) shows

nl=7zoyﬁ and n_l=ﬁ0yﬂ for A > 0.
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Therefore, if A >0,
=/U(z, HDroy;(z, )dzdt

= /dU(z, Doy z(z, 1) = /dU(y\/;_—l(z, )r(z, t).
Thus by (3.6) we see

316 ) — n(U)/A*  ifA>0,
(3.16) ()‘{ﬁ(U)/w“ if 1<0.

Hence by (3.13) and (3.15) we have:
Proposition 3.2. Suppose 0 < a < 1. Then:

. 1 0 _ —a
(a) U(f)=ﬁ< [ e orom' a

—00

n /0 " w7 (DU dx) ,

and
~ |A|"%(n(U)e,,e,) fori>0,
(b) Uy ,(4) = —a o
’ A" (® U)e e,) fori<O.
To calculate the matrix coefficient (n(U)e,, e,), note by (I.1.6) that:

e, e,) /Uzt “Ma(z, 0)e,, e,)dzdt

=// Uz, t)e” Ln(|z|2)e_|z| 1 dzdt.

Thus by (3.4) and a change to polar coordinates, one has

o= [ (3] (8

2
2
X e_"Lg(rz)e_' 2y drdt.

The change of variables r = v2x, t = xy yields
(3.18) (n(U)e,,e,) =27 / ( / x““e"‘“””Lg(zx)dx)
0

— 00
20/2-1( 1=iy \f
<l () @

But by (6.1.1) of [1]

(3.19) / '™ dt = k™I'(z) if Rez >0 and Rek > 0.
0
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Thus

[ . n 1 [ .
/ xa_le_x““y)LS(Zx)dx = Z:(—l)l--———2 i 5 / x*H ) g
0 " a2 o

R N 2 . a+l
= 1=0( 1) —————(n — l)!(l!)2(1 +1iy) T(a+]).

It follows by (3.18) that

n I
(3.20) (n(U)e,,e,) = 2nn'2%
x/oo(l+iy)—a/2—p/2—1—l(1_l.y)a/2+p/2—ldy.
Define I(r, s) by
(3.21) I(r,s) =/°°(1 +it)"(1—it)dt whenr+s>1.
Then by (3.20) one has
(3.22) (n(U)e,,e,) =2mn 'g z)‘r(a+1 (2+ #l+1,1-3 %)

Proposition 3.3. Suppose r+s > 1. Then
4n

I(r,s)= 2™*5(r+s-1)B(r,s)
rjr(s
B(r.9) = Tr+s)

is the Beta function.
Proof. Define f, by
Ae™ ifa>o0,

fw:{o if 4 < 0.

Then for 2 > 0, f, € L'(R) and by (3.19), f(t) = (1 +it)""'T(l + 1).
Moreover, by the Plancherel Theorem on R one has

5= [ Fwe-ndi= [ ez
Therefore

/ Aoy e an = % / T(NT(s)(1 + i)™ (1 - it) ™ dt
0

= E%F(r)l“(s)l(r, s) ifr>1lands> 1.
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Thus by (3.19)

r+s—1 —2}.
I(r,s) r)l"(s/ A

_ 2r r+s—1 _ATts 1"(r+s)
r(r)r(s)2 Tr+s-1) =2 2 e

for r > 1 and s > 1. The result follows by analytic continuation. O

To continue the calculation we shall need the following identity of Vander-
monde:

(3.2 ()W +n - 2) Sy - T(a+1)
=

T(w — )T (w + n)n! FDNn =)'

By (3.22), Proposition 3.3, and (3.23) one has

(=D'T(a+1)
(n(U)e,, e, =2n’n! Z n—DNT(a/2+p/2+1+ 11 —a/2—-p/2)

_ 20 T (@)1 + n+p/2 — a/2)
“To/2-ai2+ DT(1-a/2-p/2T(a/2+p/2+n+1)

Next notice
(m(V)e, / U(z, t)(r(z, t)e )dzdt
=/ U(z, t)e"(n(z, O)e,,e,)dzdt

/ U(z, ~t)e™"Ta(z, O)e,, ¢,) dz dt

)en ,€,).

Since U has the same parameters as U except that p is replaced by —p, one
has

20°T(@)(1 +n - p/2 — a/2)
I'p/2-a/2+ 1D (1-a/2-p/2)[(a/2-p/2+n+1)

(n(U)e,, e,) =
Define cf (a) by

20°T(@)(1 + n+£p/2 — a/2)
I'(p/2-a/2+1D)I(1 -a/2-p/2)[(a/2+p/2+n+1)
From Proposition 3.2 we then have for 0 < a < 1

cHa)/A* ifA>0,

u, ()= ,,_(a)/ !
c, (@) /A" if A<0.

(3.24) ()=

n

(3.25)

~

Moreover, the operators A(4) satisfy A(d)e, = un,n(l)en for these a.
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Formulas (3.14) and (3.25) completely determine the distributions U, ,
when the parameter « is in the interval (0, 1). Furthermore, the distribu-
tion U may be calculated using the integral trace formula in Proposition 3.2
for « in this interval.

The functions cff are defined for all o > 0. We hence define

5,, = { ¢, (@)/A” if A>0,

(3.26) - a .
¢, (@)/A if 1 <0.

Define A(A) by
(3.27) A(le, =u

n n,n(

Ae

n b
where A(A) is a linear operator on /# when 4 is positive and where it is linear
of #Z when A is negative. As seen from Proposition 3.1, we have A(4) = nl(U )

when a is between 0 and 1. By analyticity of the matrix coefficients of A(A)
with respect to a we can consider A(4) as an analytic extension of the operators

n (U). The operators n (U) are not bounded for « > 1 but as can be seen
from (3.24), (3.26), and (3.27), the operators A(4) are bounded for all o« > 0.

These operators are the principal bounded parts of the distributions n'l(U ).
We shall also use the notation ni(U ) to denote A(4) and 7, = nll,. We thus
have nl(U )= ng(U ) provided 0 < a < 1. Indeed we have:

Proposition 3.4. Suppose f € S(H) and ¢ € F(R). Then for a >0

0
(@ U= ( [ m@yn'aa

27[2 —00

N /0 (2 ()my (U dA),

(b) Uy (®) = [ #0i, ,(2)d2.

Proof. U(f) is an analytic function of o for a > 0. By Proposition 3.2 (a)
holds for 0 < a@ < 1. But the right-hand side of the equality in (a) is also
analytic in o for a > 0. Hence the equality holds for all @ > 0. The second
statenrent is proved similarly. O

We remark that from Theorem 1.5.4 one has

—~

(3.28) (AP )N yn=FmaUnm>

if f is a Schwartz function on H . By continuity of the operator A(p, o) and
the L density of the Schwartz functions, this identity holds for all f in # (a).

4. REPRESENTATIONS OF M AN

In this section we describe the unitary dual of the minimal parabolic subgroup
P = M AN . We also establish equivalences of each infinite-dimensional unitary
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representation of P which is nontrivial on the center of N with all members of

a family of representations of P defined in terms of the matrix coefficients of

n on H and a real parameter o . These equivalences will be used to obtain the

spectral decompositions of restrictions to P of representations of SU(2, 1).
Define a unitary operator T,, |u|=1,on # and Z by

(4.1) T, f(z) = f(u"’2).
An easy calculation using (I.1.3) shows

(4.2) Ta(z, 0T, =2z, 1),
and similarly

(4.3) T7(z, )T, =7z, ).

Suppose p is an integer. Define ©”** and 7°°~ on L*((0, c), #) and
L*((~0, 0), Z) respectively by

(4.4) ?E () f(3) = 2t (h) f(A),
(4.5) P F ) ) = 1),
(4.6) P E W f(A) = P T f().

(u)
By (1.5), (1.7), (1.1.3), (1.1.8), (4.2), and (4.3) the ©*’ * are unitary representa-
tions of P. Moreover, by (4.4) one has

(4.7) ), = / 7 di
0
and
— 0 A
(4.8) 7 |H=/ 7" dA.

Let x be any nontrivial character of H. Let 7 be the unitary representation
of P induced by x. By the Mackey subgroup theorem and the triviality of y
on the center of H, 7 is trivial on the center of N. Applying Mackey’s little
subgroup method one obtains

Proposition 4.1. The representations ©, 7', p an integer, form a complete list
of the infinite-dimensional irreducible unitary representations of P .

We remark that the finite-dimensional irreducible unitary representations of
P are just the characters of M A extended to P.

The irreducible representations of P which are nontrivial on the center of
N play a significant role in the remainder of this paper. They are sufficient
to decompose the representations of SU(2, 1) which we construct in the next
section.

Let o be a real number and let ¢ > 0. Let /, be the Hilbert space of all
square summable complex sequences (c,, ¢,, ¢,, ...). Then

#* = L0, ), L, c]A| " dA),

(4.9) T .
=L (-0, 0), L, c|A| " dA)




380 R. C. FABEC

are Hilbert spaces. Define representations R on #7 by

(4.10) RE@(m)f@) ="~ f(ar,
(4.11) (R*(w)f(4), = *" f(2), , and
(4.12) (REDNA),, =S (' () e, , €) f(A),.

!

Clearly R*(a(r)) and R*(u) are unitary. Moreover, by Parseval’s identity,
IR (z, f AP = |IfA)I. Thus, R*(z, 1) is unitary.

Theorem 4.2. R* isa unitary representation of P unitarily equivalent to 1°° *

Proof. We show the equivalencg_ of R~ with 77 . Define a linear transfor-
mation W from L*((-c0, 0), ) into #* by

(4.13) (WD), = ¢ T, e,
Then
W FDI = ¢ APA=aI%
Hence by (1.8), W is an isometry. Moreover, W is surjective. An easy calcu-
lation shows W1°'~(a(r)) = R™ (a(r))W . Furthermore, if |u| = 1, then

W~ WHW),, =PI T W) f(-1), e,
= PR WT (), e,)”
= PP (f(-a), T e, ).
But by (4.1), T, 'em = u_3'"em on the conjugate space # . Thus
W (W) f(A),, = P PTIED), e
="MW (), = R (W f(4),,
Finally note that
W T (WF@R),, = S T (0 f(-2), e,)”
=P ) f(=4), e,
=P =8, a7 e,
=P Y wt (hNe,, e (=1), €))7,

k

since (n"(h'l)em,ek)" = (n’l(h_l)em,ek) for n* and n~* are conjugate
representations. Therefore W1’ ~(h) = R~ (h)W .
That R* is equivalent to °°* is proved similarly.

5. NULL SPACE REPRESENTATIONS

The intertwining operators A(p, o), Rea > 0 are strongly analytic in the
parameter o as operators on L’ (K\M) = #7°%. In this section a sequence
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H#P% =N,2N 2N,2:-2N, 2N, =0 of invariant subspaces will
be constructed along with invariant nondegenerate forms on the subquotient
spaces N;/N, , for the representation R?® at any value a, where A(p, o)
has nontrivial null space. For expository reasons it is advantageous to develop
the setup in the situation where the operators A(p, a) act on the fixed Hilbert
space L2(K /M) . The natural Hermitian pairing (1.6.6) between #”°~" and
#P?% is then

(5.1) (LM=/ﬂMHﬂM.
By (2.9) one has
(5.2) (R (), [, R*(g)h) = . h) forall g.

Moreover, since A(p, a) intertwines R”*® with R’*™® and by (2.9) the form
(, ) is invariant under R”°™* x R”'®, the form (A(p, @)f, h) is invariant
under the representation R“.

Suppose now that one has a bounded operator valued strongly analytic func-
tion o — B(a) all defined on a closed subspace N, of L (K/m) having values
in LZ(K /M) . Furthermore, suppose N, is invariant under the representation
RP>® and one has

(5.3) B(a)R”°(g)f =R "*(g)B(a)f forall feN,, g€G.

Define N, , = {f € N:B(a;)f = 0}. Then N, is a closed subspace
of N, ; and by (5.3) and the invariance of N, under RP>% _ it is an invariant
subspace of R?’% .

Since B(e,) intertwines R°* and R” ™™ on N,, the form (B(ay)f, h)
is invariant under the representation R”’“ and factors to an invariant form on
N./N;,,- Define C(a) on N, by:

B(a .
(5.4) Cla)f = a_(—oz‘)f et
lim 2 ¢ if = o

a—a, a — ao

Then C(c) is a strongly analytic bounded operator valued function defined on
N, ,, which satisfies (5.3). This procedure can be inductively repeated and we
obtain the following result.

Theorem 5.1. Suppose o, > 0. Then there is a finite sequence

AU =N 2N 2N, 22 N 2 N = {0}

of closed invariant subspaces for the representation R°** such that

. A(p, a)
JLH(}O < (o — ao)jf’ h>
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defines an invariant form for the subquotient representation of R’’®° on
N/N,

+1°

The sequence terminates since the principal series have finite Jordan-Holder
series. For later reference we also note:

(5.5) N, = {f: lim A222) ¢ 0}.

a—ay (o — aO)

Next we will develop explicit information in regards to the sequence N, 2
N,2N,2:--2 N, 2N, =0 described in Theorem 5.1. To emphasize the
dependence of the distribution U on «a, we shall sometimes write U, .

First one needs to determine when there are f in #(a,) satisfying the

equality A(p, ay)f = 0. By (3.28) one has (A(p, ao)f);,n = fonnUnin-
Thus A(p, ay)f =0 implies f, U, =0 forall n. By (b) of Proposition

3.4 and by (3.26) one sees f, U, , =0 iff }m’n =0, o0r ¢ (o) =0, or
¢, (ap) = 0. Indeed if one sets

(5.6)

Hag)=0, [ ,=0, or
¢, (a)=0, [, ,=0.

Since }m’n =0 for all m, n implies f =0, one has

Proposition 5.2. The null space N, is nontrivial if and only if there is an n such
that either c;'(ao) =0 or c, (o) = 0. Moreover, if f € N,, then

Srun=0 ifc;(ag) #0,
fmn=0 ifc,(a) #0.
By (3.24) one obtains

Corollary 5.3. N, #0 iff p+«, or p—«, is a nonzero even integer.

Note in [9] Kraljevic showed R?’% is reducible precisely in these cases.
By (5.4) and (5.5) one sees the operator 4’(p, a,) defined on N’ by

A(p, @)

(5.7) A(p,ap)f = lim £

a—ag (a - Ozo)j
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exists in #(—a,). In particular, by (3.28) one has

920 ~ D
(A-’(p,ao)f)m’n = llm <14(p—’a)f) — lim fm,n n,‘n.

a=og \ (@ — ao)’ a=a (o — o)’
But by (3.25),

~

U

lim e
a=a (a — ap)’

is a distribution on S(R) defined by the function

. c (a) . - . (@) . —a
lim ———|4| 1 A) + lim —2——|4] °1 A).
a—a (a _ ao)f I I (—oo,O)( ) a=>ay (a —a, J | | (0,00)( )

Define cni’ j(eg) by

+
(5.8) ¢ (ap) = lim — (a)

where they are taken to be oo if the limit does not exist. In summary one has
Proposition 5.4. The jth null space N ;IS nontrivial iff c:’ j(ag) # 00 or ¢ (@)
# oo for some n. Moreover, if f € N, then }fn’n =0 whenever ¢, ;(ag) = oo
and ?;,’n =0 whenever c, (c;) = 0.

The above discussion shows that
(5.9) A @, ) ) = Ul s

where (Ajfl , 1s the distribution defined by the function
¢y (ag)/IA* if 4> 0,
c;’j(ao)/lll" if A <O.

By Corollary 5.3 we may assume a, = p + 2k > 0 for some integer k, for
otherwise N, = 0. Then by (5.8) and (3.24)

(5.10) ul ()= {

(5.11)
+ _al=j_2 . I'(l+n-x)
€, j(@) =271 r(ao))lcl—r»rllc (x—kYT(1 =X)Ll —p-x)[(x+p+n+1)’
_ 1) 2 ) I'l+n-p-—x)
(3:12) 6, (o) = 2 Tm ) oy T =TI —p —x)Tx s+ 1)

But the gamma function satisfies

, -0~ .
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and
(_1)1—k+1
Hence
. I(- -m(k —m)!
(5.15) ﬂﬂf&ﬁ%%thy %r§%" k>land k>m,
and
(5.16) limL:x)=(—l)l+m"l((Z:;())' . k>landk<m.

Thus by (5.8)

0 L 0 fork<j,
(5.17) ciﬂ@#{“) implies dlw&:{mek>;

It follows by (5.11) and (5.12) that cni 3(ay) = oo forall n. Thus by Propo-
sition 2.4, the null space N; is trivial. We thus need only calculate the nonzero,
noninfinity values of c;‘L olag) cni 1(ag), and cni’ 5(ap) -

Using (5.11) and (5.12) and the limit properties (5.13)-(5.16) of the gamma
function for oy = p + 2k > 0 one obtains

(k - 1)!
(—k—plk+p+n)ik—n—1)
if0<-k-p<n<k;

(5.18) ¢ o(ag) = (—=1)"27°T(ay)

(k= 1)k +p—1)
k—n-Dik+p+n)
ifl<kandl1<p+k, n<k;
_yk=p—1_2 (-=p—n—k—-1lk-1)
(D o) =itk = n = 1)
ifp+k<0, 1<k, n<k, andn<-k-p;
ko2 (n—k)(k-1)
(=D Teo) i+ K + o))
if0<-k-p<nand1<k<n;
k4 2 (n—k)(k+p—1)!
GO @) "G+ &+ !
ifl<p+kand k<0;

(_ 1 )n+p+k7t2r(ao)

(5.19) cp 1(ag) =

(n—k)!(k-Dl(k+p-1)

2(k +p + n)!
ifl<k<nand1<p+k;

(n=k)l(-k-p—-n-Dl(k-1)!

(=1’ 7T (ay)

(5.20) ¢, ,(ap) =
2o (=) 2T )

2(—k — p)!
ifl<k<nandn<-k-p;
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(k+p—-1)
(k)W k+p—n-1l(n+k)!
if0<-k<n<k+p;

(521) ¢ ola) = 2(=1)"7"T(ay)

(k=D k+p-1)
(k+p—-n-1Dlk+n)!
if1<p+k,1<k, andn<p+k;
k_2 (n—p—k)(k-1)!
(=02 o) T =ik 7 !
if0<p+kand1<k;
(~k—n-1DYk+p-1)
(=K (k+p—n—1)
if1<k+p,0<k, andn<k+p,n<-k;
kep 20 \(n=p =Kk +p = 1)!
(=)™ 2 o) —5yim 7 o)
ifl<k+p<nand 0< -k <n;

(- 1)"*"7:21"(%)

(5.22) ¢, (ap) =

(—1)"“7:21"(%)

po2 (n-p-k)l(k-Dik+p-1)!
(=1)'m L) 20+ n)!
_ fl<p+k<nandl<k;
(5.23) ¢, (@) = 9 1" 22T (a )(n —k=p)k+p—Dli(=n—k—1)!
0 2(—k)!
ifl<k+p<nandn<-k.

The formulas (5.18)-(5.23) along with (5.17) and Proposition 5.4 determine
when the spaces N, N,, and N, are nontrivial.

In the remaining part of this section we will determine explicit expressions
for the invariant forms

(4 (p,ag)f, h)y on N,/N,,,,
inthe cases j =1 and j=2. The j =0 case depends on the distribution Uao
on the singular set C x {0} for which the methods developed in Part I are not
applicable.

In order to facilitate the calculations of these forms it will be advantageous to
introduce the R’'® invariant subspaces #”'“ consisting of the C* functions
in &% . It is known that the space Z’og '“ contains the K-finite vectors for the
representation R”’® and that any closed invariant subspace for R”’® contains
a dense subspace of K finite vectors. Hence if N]‘.’° =N, NAZ% %, then N ;’° is
a dense invariant subspace of N B and if if;f '® is the space of K finite vectors
in #°°%, then N ik =N;n A" is a dense but not invariant subspace of
N>

The main reason for introducing # Og’a is the following fact which is a con-
sequence of Lemma 8.10.13 in [20] or an explicit calculation using the Iwasawa
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decomposition of G. If f€#Z”“, then f is C* on H and

(5.24) Jim (L4212 + 5 f(z, 1) exists.
z,t)—00

By (5.24) it follows that f is a bounded L' function when f € AP and
a > 0. Also note by (I.5.5) and (3.4) that

(A(p, a)f, h)y=(Uxf,h)
=/ Usf(z, Oh(z, 0 dz dt

- /// Fw, )"z, Oz, DdzdtU(w, s)dw ds

- /// F(w, s)(=z, ~O)h"(z, O)dz diU(-w, —s)dw ds
=U(f+h").
But f+h" is a bounded L' function if f and h arein 2705“’. Thus by (3.6),
Theorem 1.5.2, and the remarks following it and the fact that U, , =0 when
m # n one obtains

Theorem 5.5. Suppose 0 < a <1 and f,he Z"". Then

e, f s 1) = 533 [l B0 (D)1

0
_ 2%2(/_ A e (f + )R(U)) dA

+ /Ooo Al tr(n (f * h')n(U))dA).

Since w(U) and =(U) are diagonal relative to the basis e, with eigenvalues
¢, (@) and c;' (a), the formula (3.24) would determine when the representation
R?’“ isin the complementary series for 0 < a < 1. This occurs precisely when
all the constants ¢, (a) are both all positive or both all negative.

Next we determine the form (AJ (p,a)f, h) on the subspace N’ N {f: fe
F(H)}. Note by (5.9) that (4’ (p, a,)f), , = f U’ where U’ is the

n,n n,n

distribution defined in (5.10). Recall by Proposmon 5.4 that if f € N_, then

[, =0if ¢ (a) =oco,and f; , =0 if ¢; (a) = 0. Note by (15.2)
that for any distribution U, one has

O a8) = [0z, 0 [621e™h,, (2, 1 dA
- /dU(z, t)/q&(i)emhm‘n(—z, W) da
= /dU(z, t)/d)(—l)e_mhm,n(—z, —A)dA.
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But by (1.5.3)
h, (—z,-32)=(n'(~z,00e,,e)

=(n7}(z, 0)e = (n*(z,0)e,, ¢,),

n’ m)

since 7* and 7 ™* are conjugate representations. Thus

/dU (z,t /¢ “Hp, (z,l)di:/dan’m(l)d)(—i).

Hence

(5.25) Oy = (U, ).
Similarly,

(5.26) Dp.n®) = Ty a(=2).

Thus by Theorem 1.5.1 and by (5.9), (5.25), and (5.26)
(A0, ap)f, h) = ((A’(p, ag) )" (h)
=57 Z( A, )N e mAR), (3))

2nzZAJ(P ) /), o (alh,, k(=4))

= 2—7t2k2(A’(p, o) N (A, L(A)

1 ~ A~ =
=57 2 L kU k(A (B):
k,m

Using the convention 0-o0o = 0, Proposition 5.4 and (5.10) then imply the
following theorem.

Theorem 5.6. Suppose f, h € N and f, h vanish Jor A near 0. Then

(A (D, ag)f b = (Z / Cl’; |f%‘f? Fon DBy, (A dA

* C’:,j(ao)“ =~
+/0 e fm,k(l)hm,k(g)dl)'

We remark that if C/f,j(ao) = 00, then }m‘k(l) =0 for £4>0.

6. UNITARIZABLE SUBQUOTIENTS

In this section we determine «; and p for which the subquotient N, /N, or
N, is unitary. This can be determined using Theorem 5.2, Proposition 5.4, and
the formulas (5.18) to (5.23). We next look at the representation R”’*® on the
subquotient N,/N, |
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Theorem 6.1. The representation R°*® is unitary on N N iff those c;t ()
which are nonzero and noninfinity are all positive or all negative. Moreover, the
representation RP* extended to the completion of N f /N R equivalent on

subgroup M AN to the representation
E Tp—3n,+ o Z Tp+3n,—.
c,,__j(ao) ¢ {0,00} C:,j(ao) ¢ {0,00}
Proof. The first statement is a consequence of Theorem 5.2 and Proposition

5.4. To see the second we use Theorem 4.2. Indeed, fix k¥ and + or — where
cf’j(ao) ¢ {0, oo} . Then using (2.7), (I.1.8), (I.3.17), and (I.5.3) note that

(R @)y 00 = [ RSz, i

- ra°+2/f(rz, P (z, e, e,) dz dt

Yz, e, e)dzdt

- ra"—z/f(z, 7" (2, e, e )dzdt.
Hence

(6.1) (R0 (a(m) Ny ,(A) =" f, (3/r).
Next note by (2.8), (4.2), and (I.1.8) that

(R W) ) n0) = [ RS (2, 07 (2, D6y, € dzd
- /upf(u_sz, 0z, e, , e )dzdt
- /u"f(z, 0z, e, e )dzdt
_ /u"f(z, Dz, 0T e, T e,y dz dt.

But if 1> 0, then (4.1) and the definition of e, implies 7, 'e, =u

if 4 <0, then since 7' is defined on Z one has T, le, = u_31e,. Thus
o Wy A0,
(6.2) (R (u)f),, ,A) = o
> up—3(m—n)f

m,n(

e, ; while

A) ifi<O.
Finally (2.6) implies that for x € H, one has

(R0 () )7 () = /H R ™(x) ()i
- /H Fox)@ e, . e.)dy

‘e, e,)dy

- [H XL ) (x Ve, e,)dy

- /H SN (x Ve, . e)T* (e, e,) dy.
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Hence

(6.3) (R %) f) 1) =D (2" (x ey, ), 4(A).
!
It follows from Theorem 4.2 and (4.10), (4.11), (4.12), and (6.1), (6.2),
and (6.3) that if ¢, ;(ag) ¢ {0, oo}, then 7’ ~3:% s a subrepresentation of

R”*|, & having multiplicity one. A similar argument shows that 1° .= s
a subrepresentation when ¢, ;(a) ¢ {0, 00}. O

Theorem 6.1 completely describes the representation R”’“ on the minimal
parabolic subgroup M AN for the quotient space N f /N fRE To determine the
spectral decomposition one need only inspect the formulas (5.18) to (5.23). The
same argument can be applied to the complementary series.

Theorem 6.2. If R”'® is a complementary series representation, then

Rp,alMAﬁ:Z(Tp—3n,+@Tp+3n,—)'
n
Remark. One can show R’’® is in the complementary series if the cni(a) are
all positive or all negative. By (3.24) this occurs when p =0 and 0 < a < 2
orwhen p=+1 and O<a<1.

We next apply Theorem 6.1 to list all the cases where R”’% is unitary on
N, oron N,/N,. This entails an inspection of the coefficients cf’ j(ao) where
a,=p+2k.

Note that when p+k >1,and k > 1, then (-1)” cni,2 are all positive when
they are nonzero and noninfinite. Thus

Theorem 6.3. If a =p+2k, p+k >1,and k > 1, then R”'® is unitary on
N, and
, ~3n, 3n,-
RpalMAN: Z (Tp n+€DTp+n )
n>p+k
Next note that cf, ,(2) are all positive. Indeed the only nonzero, noninfinite
terms are c,*’l(Z). Hence:

Theorem 6.4. The representation R** is unitary on N,/N, and on the minimal

parabolic subgroup M AN is equivalent to

-3,+ 3,
T DT

It follows from Theorems 6.3 and 6.4 that R**? is unitary on both N, /N,
and on N, . Kraljevic in [9] has shown that R%? has four unitarizable irre-
ducible subquotients. One can show that N,/N, gives the trivial representation
of SU(2, 1). Hence either the unitary quotient N,/N, or the unitary subspace
N, is reducible.

Next note if ay = —1 and p = -2k —1 where k > 1, then the only nonzero
noninfinite coefficient is c,:z(—l). If p=-2k -1 where k < -2, then the
only nonzero noninfinite coefficient is ¢_, _, L(=1).
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Theorem 6.5. The representations

£3,-1 £5,-1
R , R

+7,~1
, R y e

are unitary on N, and on M AN are unitarily equivalent to

ro’i, rq:l’i, ‘t*z’i, cee

These are examples of unitary representations of SU(2, 1) which are irre-
ducible on the much smaller minimal parabolic subgroup P.

Finally, assume p and « are odd integers with a = p + 2k . Then if kK >0
and kK +p <0 then cf ,(a) are nonzero and noninfinite with the same sign.
Moreover, cn_’l(a) is nonzero noninfinite for all » while c:,l(a) are nonzero
noninfinite when n < 252, n < -2, orwhen n> 252, n> -2 If k<0
andp + k > 1, then again all the coefficients c;t’l(a) have the same signs and
the nonzero noninfinite ones for cn_ , ,(a) have parameters n < —“—;ﬂ , n< %‘1 ,
orn>-%2 n> %2 while c: (@) is nonzero noninfinite for all n. Hence
we can conclude

Theorem 6.6. Suppose o and p are odd integers. Then if o +p < 0 and
a-p>0,0rifa+p>2 and o —p <0, the representation R**® is unitary
on N,/N,. Moreover,

Rp,a AT ~ qu:Sn,:t @ Z Tp:l:Bn,:F o Z Tp:t3n,;

n n<min{+2%32 F£} n>max{+ %52, 232}

where the upper symbols are used in the first case and the lower symbols are used
in the second.

These unitarizable subquotients exhaust most of the irreducible unitary sub-
quotients of the principal representations R”’“ for a > 0. This can be argued
using the results of Kraljevic in the cases where there is exactly one unitary
subquotient. However, Kraljevic showed there are cases when there are two,
three, or four unitary subquotients. Where this occurs is an instance where the
subspace N,;/N,,, is reducible.
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